We investigate the energy of arrangements of N points on the surface of the unit sphere S d in R d+1 that interact through a power law poten- For the unit sphere in R 3 (d = 2), we present two conjectures concerning the asymptotic expansion of E 2 (s; N ) that relate to the zeta function L(s) for a hexagonal lattice in the plane. We prove an asymptotic upper bound that supports the rst of these conjectures. Of related interest, we derive an asymptotic formula for the partial sums of L(s) when 0 < s < 2 (the divergent case).
Introduction and statement of results
Let S d = fx 2 R d+1 j jxj = 1g be the unit sphere in R d+1 . We denote by the normalized Lebesgue measure on S d (total mass one). The Euclidean distance between two points x; y is denoted by jx 0 yj and their inner product by hx; yi. where the inmum is taken over all N-point subsets of S d . Any conguration ! N for which the inmum is attained is called an s-extremal conguration.
The determination of s-extremal congurations and the associated minimal s-energy is a problem which is of interest in physics, chemistry and computer science. The important special case d = 2, s = 1 corresponds to points on the sphere in three dimensional space interacting according to the Coulomb potential [2] , [10] , [11] . General values of s are considered in [2] , [15] and for the case of logarithmic interactions, see [3] , [20] .
In this paper we consider the asymptotic behavior of the minimal s-energy E d (s; N) as N tends to innity. The asymptotics were studied by G. Wagner [23] , [24] for the case 0 < s < d (and also for s < 0, but we will not consider such values here). For 0 < s < d, the energy integral Wagner [24] [12] , [22] proved that the maximal minimal distance among N points satises 8
(N ! 1):
For results in higher dimensions, see [8] . (1:10)
(1:11)
As a by-product, the proofs of Theorems 2 and 3 yield lower bounds for the separation of points in an s-extremal conguration. (1:13)
The order of the estimate (1.12) is best possible, but the order of the estimate (1.13) most likely is not. A separation result like (1.12) was proved by B.E.J. Dahlberg [9] for the case s = d 0 1. For the case of logarithmic interactions and d = 2, see [18] .
In Section 2 we consider the case d = 2 in more detail. We present heuristic evidence that the limit (1.9) exists and we give a conjecture about the value (see Conjecture 1). Our Theorem 5 (see below) supports this conjecture. Furthermore, this conjecture is extended to the range 0 < s < 2 to give a conjectured value of the constant with the second term in the asymptotics (see Conjecture 2) .
The proofs of the theorems are in Sections 3{7.
2 Some conjectures for d = 2
Although we are unable to prove that the limit (1.9) exists, for the case d = 2 we shall present a partial result as well as a conjecture about the limit. We begin with some motivational discussion. This series converges for s > 2. Let ! 3 N = fx 1 ; : : : ; x N g be a conguration that minimizes the s-energy. Assuming that our observation is correct, the Voronoi cell of a typical point x i would be a hexagon which is part of a hexagonal lattice scaled so that the minimal distance is N , where N is such that [17] . We present an extended and more explicit version of these conjectures. For 0 < s < 2, we get for the right-hand side of (2.3) exists. This is indeed the case, and, in fact, it can be proved that the limit is equal to 6(s=2)L 03 (s=2). Since we have not been able to nd a reference for this result in the literature, we have included a proof in the appendix. Note that according to (2.7) the limit 6(s=2)L 03 (s=2) is equal to the analytic continuation of L (s) to 0 < s < 2. See Borwein-Borwein-Shail-Zucker [5] for a similar phenomenon related to the square lattice. Thus (2.8) leads to the following conjecture. Note that the number C s in (2.10) is negative, since the Riemann zeta function has negative values between 0 and 1.
For s = 1, we nd C s = 00:5530 1 1 1 which is fairly close to the constant 00:5523 which was found in [17] on the basis of extensive numerical computations. We intend to return to these issues in a later paper.
To illustrate our results and conjectures, we have made additional numerical computations. In all cases it can be observed that the convergence is very slow.
Probably one needs accurate calculations with several thousands of points to obtain precise values. This is way beyond present computer capacities.
The following 
2) The normalized area of C(x 0 ; r) can be computed from (3.1). We nd To obtain the asymptotic behavior for r ! 0, we may replace the factor 1 + t in the integrand of the right-hand side of (3.5) by 2. This leads to We also need some basic facts from spherical harmonics; see [16] . Following [21] we denote the ultrapherical polynomials by P n and we recall the Rodrigues formula In case the coecients a 1 ; a 2 ; : : : are all non-negative, we deduce from this the inequality Note that functions K whose coecients a n in the ultraspherical expansion are non-negative are sometimes called positive denite functions; see [19] . The estimate (3.10) for positive denite functions follows immediately from the results of I.J. Schoenberg [19] .
Proof of Theorem 1
The proof is as in [17] . Here C is a constant that does not depend on N. In [17] such a partition is called an area-regular partition of the sphere.
Area-regular partitions are not so easy to construct explicitly, and a rigorous proof would be quite tedious. In [17] Because the diameter of each D j is at most CN 01=d , the estimate (1.6) follows. where for the last inequality we used (3.6). Since ! N minimizes the s-energy, the function U i attains its minimum at the point x i . Therefore log N but does not yield a precise estimate for the constant C. Instead we follow G. Wagner [23] in the use of spherical harmonics to prove lower bounds.
Proof of (6.1). Let K(t) = (2 0 2t) 0d=2 , K (t) = (2 0 2t + ) 0d=2 and expand K in a series with respect to the ultraspherical polynomials P (d01)=2 n :
The coecients a n () are given by a n () = A n;d
where A n;d is a positive constant. Using the Rodrigues formula (3.8) for P (d01)=2 n and integrating by parts n times, we nd that a n () > 0 for every n. Therefore we can apply (3.10) to K and we get for every conguration fx 1 ; : : : ; x N g of points on S d , This completes the proof of (6.1).
2
Proof of (6.2). We follow the proof of the upper bound in Section 5. Let Letting r ! 0 and using (6.5) we now obtain (6.2). 2
As in Section 5, the above proof also gives a separation result. 
Let L k be the hexagonal lattice scaled so that minimal distances are equal to k . We can move the center of this lattice such that there are at least N=m lattice points in k (D k ()). This follows from the denition of k in (7.3) and an argument due to Blichfeldt [4] (also used in [22] ). Let ! k N be the collection of the pre-images (under the mapping k ) of the lattice points in k (D k ()) and put
Then ! N has at least N points. We throw away some of the points to get exactly N points. The resulting set is also denoted by ! N . 
